We discuss the form of the string-loop-corrected effective action obtained by compactification of the heterotic string theory on the manifold K3 × T 2 or on its orbifold limit and the loop-corrected magnetic black hole solutions of the equations of motion. Effective 4D theory has N=2 local supersymmetry. Using the string-loop-corrected prepotential of the N=2 supersymmetric theory, which receives corrections only from the string world sheets of torus topology, we calculate the loop corrections to the tree-level gauge couplings and solve the loop-corrected equations of motion. At the string-tree level, the effective gauge couplings decrease at small distances from the origin, and in this region string-loop corrections to the gauge couplings become important. A possibility of smearing the singularity of the tree-level supersymmetric solution with partially broken supersymmetry by quantum corrections is discussed.
Introduction
At present, string theory is considered the best candidate for a fundamental theory that would provide a consistent quantum theory of gravity unified with the other interactions [1] . In particular, string theory provides a powerful approach to the physics of black holes (review and further refs. in [2, 3] ). In this setting, we meet a fundamental problem of understanding how the intrinsically stringy effects modify the Einstein gravity.
In this paper we discuss two of these effects: presence of scalar fields such as the dilaton and moduli, and higher-genus contributions modifying the tree-level effective action. We focus on higher-genus corrections, because string theory, being a theory formulated on a world sheet, always contains string-loop corrections from higher topologies of the world sheet (for the twoderivative terms these vanish for higher supersymmetries N ≥ 4), while α ′ corrections can vanish in certain constructions based on conformal field theories and for a large class of backgrounds [4, 5] .
We consider the perturbative one-string-loop (torus topology) corrections for a special class of backgrounds: 4D black holes provided by the "chiral null models" [4, 5] embedded in heterotic string theory compactified on the manifold K3 × T 2 . For this compactification pattern, the effective 4D field theory is described by N = 2 supergravity interacting with matter.
The universal sector contains supergravity and vector multiplets, the vector components resulting from dimensional reduction of 6D metric and the antisymmetric tensor on the two-torus T 2 . By using the (perturbative) one-loop-corrected prepotential in the N = 2 supergravity, we calculate the effective gauge couplings in the universal sector of the theory. Due to the N = 2 supersymmetry, there are no loop corrections to the prepotential beyond the one loop [6, 7, 8] .
In string perturbation theory, higher order contributions enter with the factor e χφ ′ , where χ is the Euler characteristic of the string world sheet. The exponent e φ∞ ≡ ǫ, where φ ∞ ≡ φ| |x|→∞ can be considered as a string-loop expansion parameter 2 . The dilaton φ ′ is split as φ + φ ∞ .
In the case of magnetic black hole with the charges P 1 and P 2 the string-tree-level dilaton φ = 1 2 ln (r+P 1 )(r+P 2 ) r 2 increases, and the tree-level gauge couplings of the vector fields in the universal sector which are proportional to e −φ decrease at small distances, so that the effective gauge couplings are sensitive to string-loop corrections.
The loop-corrected configuration of magnetic black hole can be obtained by solving either the equations of motion derived from the loop-corrected effective action, or spinor Killing equations (conditions for supersymmetry variations of spinors to vanish) ( review and refs. in [9] ).
In this paper we follow the first way, i.e. solve the loop-corrected equations of motion. Solution of spinor Killing equations is presented elsewhere [10] . Equations of motion are solved analytically in the first order in the loop-counting parameter ǫ. Considerable technical simplification is achieved for a special choice of magnetic charges, in which case the the tree-level metric of the two-torus is independent of coordinates. However, qualitatively, the results remain unchanged for unequal charges.
Solving the system of the equations of motion for the moduli and the Einstein-Maxwell equations in the first order in ǫ, we obtain the loop-corrected metric and dilaton. A family of solutions for the metric of the loop-corrected magnetic black hole is
where A i are arbitrary constants, P = 8 √ P 1 P 2 . Supersymmetry fixes the value of A i :
, A 2 = 0, where h(T, U) is the real (unambiguous) part of the one-string-loop correction to the prepotential, T, U are the standard string tree-level moduli. For a particular compactification of the heterotic string for which the loop correction to the prepotential was calculated it appears to be strictly negative [19] . The above metric can be considered as the first term in the expansion in the loop-counting parameter of the metric
When extrapolated to the region of small r, this metric has no singularity, which is smeared by quantum corrections. In Sect.2 we review the structure of the 4D magnetic black hole in heterotic string theory provided by chiral null model.
In Sect.3 we discuss the N = 2 locally supersymmetric effective theory. Using the symplectic structure of the theory, we calculate the gauge couplings in a basis admitting the prepotential and by symplectic transformation obtain them in the basis associated with the heterotic string compactification (in which case the prepotential does not exist) and construct the loop-corrected action.
In Sect.4 we solve the loop-corrected equations of motion. Starting from the tree-level extremal magnetic black-hole solution, in the first order in string coupling constant, we obtain an analytic solution of the loop-corrected equations of motion.
Solution of the loop-corrected equations of motion and calculation of the loop-corrected gauge couplings is presented in the Appendixes.
2 Charged 4D black hole solutions in 4D effective field theory.
The effective field theory which describes dynamics of the light fields in four dimensions depends on the pattern of compactification of the initial superstring theory. Heterotic string theory, when compactified on the manifold K3 or on a suitable orbifold yields locally supersymmetric 6D theory with N = 1 supersymmetry, while compactification of the heterotic string on the 4-torus T 4 results in 6D, N = 2 locally supersymmetric theory. The bosonic part of the universal sector for both compactifications has the same form
A large class of solutions to the equations of motion following from the action (1) is provided by the chiral null models [4, 5, 12] . From the string-theoretical point of view, a chiral null model is a conformal 2D theory interpreted as string world-sheet Lagrangian with nontrivial backgrounds:
As solutions of the equations of motion of the full effective theory, the backgrounds ensure vanishing of the β-functions and conformal invariance of the corresponding 2D theory. An important special case of chiral null models (2) is provided by the chiral null models with curved transverse part of the form [4, 5, 12] 
Here
3 ) and v = 2t are non-compact space-time coordinates, u = y 2 and x 4 = y 1 are compact toroidal coordinates. Written in 4D form, the Lagrangian of the chiral null model is
The background fields are independent of compact coordinates and can be interpreted as solutions of the equations of motion following from the action of the 4D effective field theory obtained by dimensional reduction from the 6D action (1) [13] 
The 4D string-frame backgrounds are related to the fields in the Lagrangian (3) as [13] 
The gauge fields and dilaton are
and their explicit form can be read off from (3):
The vectors a s and b s are expressed via the functions f and k −1 which are solutions of the harmonic equation.
The dilaton Φ ′ in (1) can be split in the sum Φ + Φ ∞ , where at spatial infinity Φ = 0, and Φ ∞ is a free parameter, and also φ ′ = φ + φ ∞ . Written in the Einstein frame, where g µν = e −φ G ′ µν , the action (5) is [13]
Here we kept only the non-constant part of the dilaton φ and introduced the axion
A class of solutions of the equations of motion derived from the action (8) is [5, 14] (only non-vanishing backgrounds are presented)
where
are harmonic functions. Demanding that at spatial infinity the metric and dilaton are asymptotic to the Lorentzian metric and unity, we have ABab = 1 and AB ab = 1, which is solved by AB = 1 and ab = 1.
are magnetic and
are electric field strengths. G 11 and G 22 are the nonzero components of the metric of the torus T 2 on which are compactified two dimensions of the six-dimensional theory. From the 4D point of view, the backgrounds are interpreted as charged black holes.
3 Loop-corrected 4D effective field theory.
Compactification of heterotic string theory on the manifold K3 or on a suitable orbifold yields 6D theory with N = 1 supersymmetry. Further compactification on a two-torus yields a N = 2, 4D locally supersymmetric theory.
To investigate solutions of the loop-corrected equations of motion in this theory, we make use of the well-developed technique of the N = 2 supersymmetric supergravity [7, 15, 16, 17, 18] . The form of N = 2 supergravity depends on the choice of a holomorphic vector bundle (X A , F A ), where X A denote both the vector superfields and the complex scalar components of these superfields. The moduli and the vector fields are combined in N = 2 vector multiplets. If a holomorphic vector bundle admits a holomorphic prepotential F (X), the latter completely defines dynamics of N = 2 supersymmetric theory. In particular, in this case F A = ∂F/∂X A . In the heterotic string compactification the prepotential has no perturbative loop corrections beyond one loop and is of the form [6, 7, 8, 11, 19] 
where dots stand for contribution of other moduli. The moduli space is parametrized by complex coordinates z i = iy i . Special coordinates are introduced as
We use the standard identification of the tree-level special coordinates
In the case of solution (9), B 12 = G 12 = a 1 = 0.
In the perturbative approach, we neglect non-perturbative corrections to the prepotential of the form f (e −2πS , T, U). The loop corrections are accompanied by a factor ǫ and are treated perturbatively.
The bosonic part of the universal sector of the N = 2 supersymmetric theory written in the standard form of N = 2 special geometry [15, 16, 17, 18, 20] . in the holomorphic section with the prepotential is
Here N IJ are the gauge couplings
where F IJ = ∂ 2 F/∂X I ∂X J and F is the total loop-corrected prepotential, and (anti)self-dual field strengths are
e µνρλ F ρλ , and e µνρλ is the flat antisymmetric tensor. The vector fields are re-labeled in correspondence with the moduli with which they form the supermultiplets
The Kaehler metric k ij is expressed through the Kaehler potential
The dilaton kinetic term and last term in the tree-level action (8) 1 8 T r(∂ML∂ML) can be written in terms of the tree-level Kahler potential
The loop-corrected Kaehler potential calculated by using the loop-corrected prepotential (10) is of the form [6, 7, 11 ]
where the Green-Schwarz function V is
Re T Re U .
Beyond the tree level the dilaton mixes with other moduli. At the one-loop level
The kinetic terms for the moduli calculated with the prepotential (10) are
The loop-corrected universal part of the heterotic string effective action can be written as
Starting with the compactified heterotic string theory, one naturally arrives at the effective action written in terms of the "heterotic" vector bundle. In this holomorphic section the moduli are treated non-symmetrically, the modulus S playing the role of the coupling constant [7, 21, 22] , and the vector couplings become weak in the large-dilaton limit. It is known that in terms of the heterotic vector bundle it is impossible to introduce a prepotential, however, one can calculate the gauge couplings in this holomorphic section by performing a symplectic transformation from the section with the prepotential [7, 16] . Following [7] , the heterotic holomorphic section (X,F ) is obtained from that admitting the prepotential by performing symplectic transformation
where the nonzero elements of the matrix O are U 
Equations of motion
We look for a static spherically-symmetric solution to the equations of motion derived from the loop-corrected effective action with the final goal to find the loop-corrected dilaton and metric. In magnetic case, the metric and dilaton have singular behavior at the origin, while other background fields stay constant, and only for the former we can expect qualitative effects of loop corrections. We shall concentrate on the case of tree-level solutions which are purely magnetic (Q 1 = Q 2 = 0) extremal black holes with equal magnetic charges P 1 = P 2 = P . These solutions can be embedded in 4D N = 2 dilatonic supergravity and leave 1/2 of the supersymmetry unbroken. In this case, the non-vanishing backgrounds of the chiral null model are expressed via a single function (we consider one-center solution) f 0 :
where a ϕ and b ϕ are nonzero components of potentials in spherical coordinates. The tree-level components of the internal metric G mn are
The magnetic field strengths are
and in spherical coordinates have a single nonzero component F ϑϕ = P sin ϑ.
At the tree level, in the case of magnetic black hole solution, the imaginary parts of the moduli, a i , vanish, and, if appear at the one-loop level, are of order O(ǫ). With the accuracy of the terms of higher order in O(ǫ), the imaginary parts of the moduli S, T and U do not enter the equations for the real parts.
It is convenient to introduce the functions γ and σ as ReT = e γ+σ , ReU = e γ−σ .
We have a = e γ (0) , A = e σ (0) . At the tree level, the functions γ (0) and σ (0) are constants, and ∂γ, ∂σ are O(ǫ).
Let us consider the gauge part of the action in the holomorphic section associated with the heterotic string compactification. The gauge terms can be also written as
The gauge couplings we need are calculated using (13) and the full prepotential (10) and are presented in Appendix B.
Since at the one-loop level only magnetic fields are present, the second term in (24) is zero. At the one-loop level, this term can appear only if the electric fields with the charges of order O(ǫ) are generated. Since only the couplings N 0i contain real parts and these are of order O(ǫ), the (topological) terms proportional to ReN 0i are of order O(ǫ 2 ). To conclude, all the terms in the gauge part of the action, which are absent at the tree level, at the one-loop level are of order O(ǫ 2 ) 3 . At the tree level, only the couplingsN II are non-vanishing. In the case of magnetic black hole, the relevant tree-level couplings in the "heterotic" basis associated with the heterotic string compactification arê 
The functions v = T U V (T, U) and n are defined in Appendix B. Identification of the fields in (19) and (25) is as in (14):
the factor √ 8 is due to different normalizations of the actions. General ansatz for the spherically-symmetric metric is
In the leading order, from (21) the metric components, dilaton and moduli are
The tree-level field strengths are those in (23), and
In the first order in ǫ, we look for a solution in the form ν = − ln f 0 + ǫn, λ = ln f 0 + ǫl, µ = ln f 0 + 2 ln r + ǫm, φ = ln f 0 + ǫϕ,
Here n, m, l, φ, γ 1 and σ 1 are unknown functions which are determined from the field equations. The system of Maxwell equations and Bianchi identities for the gauge field strengths obtained from the action (24) is 
At the tree level,F 0,1 0r = 0, and (32) is satisfied identically. At the one-loop level, noting that ImN 00 = O(1) and ImN 0i = O(ǫ), keeping only the terms of the highest order in ǫ, we obtain solution of (32) in the formF
where −g ′ (r) = e ν+λ+2µ and c 0 (ϑ, ϕ) is an arbitrary function. Bianchi identity (31) shows that c 0 = Const. In the same way, the equation with I = 1 yieldŝ
.
The ν = ϑ component of Eq. (30) Comparing with the field strengths (23) and (26), we find that
The fieldsF 0 0r andF 1 0r , being of order O(ǫ), contribute to the Einstein and dilaton equations the terms of order O(ǫ 2 ). Keeping in the dilaton equation of motion the terms up to the order O(ǫ), we obtain
The terms with ∂σ and ∂γ are of the next order on string coupling and are omitted. With the required accuracy, the terms with the gauge fields can be written as
In view of (33), the terms with γ 1 cancel, and we are left with
With the required accuracy the Einstein equations can be written as
The field strengths squared have the following nonzero components
The functions σ 1 and γ 1 decouple from the above equations. Since in this paper we are interested in the form of loop-corrected 4D metric and dilaton, we shall not determine these functions explicitly ( the corresponding equations of motion are solved elsewhere [10] ).
The Einstein equations (36) (with one index lifted) take the form [26] :
With the required accuracy, in the equations of motion, all the expressions of the first order in string coupling ǫ are calculated with the tree-level moduli.
Loop-corrected metric and dilaton
To solve the loop-corrected equations of motion with the required accuracy, i.e. in the first order in the loop-counting parameter ǫ, we substitute in the above equations the functions µ, ν, λ and φ in the form (29) In Appendix A we present the detailed solution of the equations of motion in the ansatz l = −n 4 .
and
Here A 1 , A 2 and C 2 are arbitrary constants. By coordinate transformation the metric (27) with ν = −λ can be reduced to the form
where the new variable R is determined from the relation
For the solution (41), we have R = Ce ǫC 2 2r , where C is an arbitrary constant. In new coordinates, the asymptotics of the metric and dilaton are obtained by setting in (41) C 2 = 0.
The ADM mass calculated with the metric (43) is
The expressions (41)- (42) were obtained by making the expansions of e ǫn , e ǫl , etc. to the first order in ǫ assuming that 1 > |ǫn|, |ǫl|, . . .. This yields
Solving the system of the Einstein-Maxwell equations and the equations of motion for the moduli, we cannot decide which solution is supersymmetric. This issue can be solved by studying the N = 2 supersymmetry transformations and solving Killing spinor equations [10] . We found that the supersymmetric solution with the metric of the form (43) corresponds to
(in notations of Sect.4 T U = G 11 = e 2γ 0 = a 2 ). From the explicit form of the prepotential which was calculated in [19] for the case of unbroken gauge group is [
follows that h is negative 5 . and the loop-corrected metric is
Extrapolating this expression to the region of of small r, we note that the singularity at r = 0 is smeared by quantum corrections.
Discussion
In this paper we discussed solutions to the equations of motion of the string-loop-corrected 4D, N = 2 effective action obtained by dimensional reduction on a two-torus from the 6D, N = 1 effective action of heterotic string theory. The effective action contains both the dilaton and the metric of compact dimensions. As a tree-level solution, we considered the magnetic black hole solution. Different embeddings of N = 2 ST U model in type IIA and IIB theories and construction of the generating solution of regular BPS tree-level black hole solutions were studied in [31] and refs. therein. Embeddings with charges stemming from R-R and NS-NS sectors are possible. In the case of heterotic embedding considered in the present paper the generating solution is the same as in the case of non-symmetric NS-NS embedding of the ST U model in toroidally compactified type II theory. From the point of view of the perturbation theory, the above embedding is singled out, because in this case dilaton is one of the moduli, and the dilatonaxion parametrize a separate factor of the moduli space.
Our discussion was simplified by considering the tree-level solution with equal magnetic charges, in which case the string-loop corrections are independent of coordinates, although our treatment can be extended to the case of unequal charges.
Let us discuss modification of the above results in the case of unequal charges P 1 = P 2 (for simplicity we set in (22) a = A = 1). We are mainly interested in the small-r region. The tree-level expressions are modified in the following way: the functions µ (0) , ν (0) , λ (0) and φ (0) retain the same functional form (28) as at the tree level, except for the function f 0 which is changed tof
The squares of field strengths are
For the metric components of the internal two-torus we obtain
The modulus γ is now r-dependent, and at small r we have
Except for a substitution of f 0 byf 0 , in the gauge action there appear new terms of order O(ǫ)
where the functions F γγ and F φγ are expressed via the derivatives of the prepotential.
In the limit r → 0, the O(ǫ) terms with the most singular behavior stemming from the gauge and dilaton parts of the action are
. At small r, these terms retain the same functional form as in the case P 1 = P 2 ,
(1 + O(r 2 )).
As a result, in the case of unequal charges the equations of motion retain the same functional form as for equal charges, except for the extra terms of order ǫaq ′ e φ , where a is defined in (47). Solving the equations of motion along the lines of Appendix 1, we find that solutions obtained in the case of equal charges are modified by terms of order O(a ln r) which at small r are much smaller than the leading terms of order 1 r . Another way to obtain the loop-corrected expressions for the metric and moduli is to solve the spinor Killing equations for the N = 2 supersymmetric loop-corrected effective action. Details of this work are reported elsewhere [10] .
Perturbative expansion in string coupling implies that the non-perturbative corrections of the form O(e −2πS ) are absent. This means that in the weak coupling limit we consider, we cannot check duality properties of the full theory which are restored only in the full nonperturbative setting [28] .
The problem of string-loop corrections to the classical charged black holes in the effective N = 2 supergravity was studied also in papers [29, 30] . However, the two approaches are rather different. In the these papers, the loop corrections were calculated under an assumption that there exists a "small" modulus and it is possible to expand the loop correction to the prepotential with respect to the ratios of small to large moduli. Within the framework of string perturbation theory, the natural expansion parameter is connected with the dilaton, but this modulus does not enter the loop correction to the prepotential. The remaining two moduli connected with the metric of the compact two-torus for special configurations may have parametric smallness, but not the functional one connected with dependence on r. Moreover, as we have argued above, to study the loop corrected solution it is important to take into account corrections to the gauge couplings. The string-tree-level chiral null model provides a solution to the low energy effective action which, in a special renormalization scheme, receives no α ′ corrections [5, 12] . The loopcorrected solution is no longer expressed in terms of harmonic functions, and the α ′ -corrections are present. However, still it is possible that α ′ corrections are small and can be treated perturbatively. It may be noted here that smearing of the singularity of the point-like source by α ′ -corrections was discussed previously in [32] .
with the solution
Substituting ϕ = −m + u − t in (54), we solve this equation and obtain
Using (58) for t, (59) for m, and u = C 2 r
, we have
Eq. (A5) with m + n = u = C 2 r and s = −2u + t with t from (A11) yields
Comparing (61) with the derivative of the solution (60), we find that the coefficients at the terms (r + 1) −2 coincide, and coefficients at the terms r −2 yield the relation expressing the constant C 5 in terms of other constants.
Next we require that in the limit r → ∞ our solutions should be asymptotic to the Lorentzian metric. This requirement sets C 3 = C 4 = 0 and we are left with
Introducing new constants
we obtain the expressions discussed in Sect.5.
B Loop-corrected gauge couplings
We remind the notations: Because the functions V and v appear in the first order in the string coupling ǫ, they are calculated with the tree-level moduli. In particular, we have V = ve −2γ 0 . In the basis admitting a prepotential, the gauge couplings are calculated using the formula (13), and we have (we list only those used in our calculations) N 00 = −i y 1 y 2 y 3 − ǫ n 4 , N 01 = −ǫ n + 2v 4y 1 + iǫa 1 y 2 y 3 y 1 ,
The couplings in the "heterotic" basis are obtained via the transformation (20) . In the first order in ǫ we obtain N 00 = N 00 = −iy 1 y 2 y 3 1 − ǫ n 4y 1 y 2 y 3 = −i e −φ+2γ − ǫ n 4 , N 01 = − N 01 N 11 = −iǫ n + 2v y 2 y 3 + ǫa 1 = iǫe −2γ (n + 2v) + ǫa 1 , N 11 = − 1 N 11 = −i y 1 y 2 y 3 1 − ǫ n 4y 1 y 2 y 3 = −i e −φ−2γ − ǫ n 4 e −4γ .
The Green-Schwarz function V (T,T , U,Ū) was estimated numerically in [11] and was shown to be positive. Note also that for small T − U, i.e. near the points of enhanced symmetry T = U, h
(1) (T, U) = − 1 16π 2 (T − U) 2 log(T − U) 2 + regular, where the regular term is finite for T ≈ U = 1, e πi/6 . The second derivatives of the function h (1) (T, U) at the points of the enhanced symmetry have logarithmic singularities. To avoid these points, we introduced in (22) the constants a and A choosing them so that they are not connected by a rational function thus ensuring that the moduli cannot be transformed to each other by a modular transformation. However, all final expressions depend only on the function V , which contains only the first derivatives of the prepotential and is non-singular for all values of T and U. Thus, our expressions are valid for any a and A.
